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Abstract- In this paper, the Laplace Iteration Method (LIM)
technique has been successfully applied to find approximate
solution to the systems of linear and nonlinear equations
specially coupled Schrodinger-KdV equations. The algorithm
overcame the difficulty arising from the calculation of
intricately nonlinear terms. Besides, it provided a simple way
to ensure the convergence of series solution so that accurate
enough approximations could be always obtained. Till now the
LIM technique has been successfully applied to many
nonlinear problems in science and engineering, all of which
have verified the great potential and validity of the LIM
technique in comparison with Variational Iteration Method
(VIM) for strongly nonlinear problems in science and
engineering.
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l. INTRODUCTION

It is very difficult to solve nonlinear problems, either
numerically or theoretically; and even more difficult to
establish a real model for nonlinear system problems. A great
amount of assumption has to be made artificially or
unnecessarily for making the practical engineering problems
solvable, which leads to the loss of most important
information. In this paper, a new kind of analytical method was
proposed for the system of nonlinear problems which was
called the Reconstruction of Variational Iteration Method. The
similarities and differences with VIM and Homotopy
Perturbation Method (HPM) [13] were pointed out and it was
shown that it did not require any small parameter in an
equation as the perturbation techniques do and not use a
Lagrange multiplier. Moreover, it was demonstrated to solve a
large class of linear and nonlinear system problems effectively,
easily and accurately, using approximations which rapidly
converge to accurate solutions. A broad class of analytical
solutions methods and numerical solutions methods were used
to handle these problems [1-3]. In [4] and [5], the
characteristics method and the Riemann invariants method
were used to handle systems of PDEs. Vandewalle and
Piessens [6] implemented a method based on the combination
of the wave form relaxation method and multigrid in order to
solve nonlinear systems. Wazwaz [7] used the Adomian
Decomposition Method (ADM) for handling some systems of

PDEs and reaction—diffusion Brusselator model. Gu and Li [8]
introduced the modified Adomian method that solve some
systems of nonlinear differential equations (see also [9, 10]).
Systems of nonlinear partial differential equations could be
observed in many scientific models such as the propagation of
shallow water waves [11, 15].

The aim of this work was to present an alternative approach
based on LIM [12, 14-16] for finding series solutions to linear
and nonlinear systems of PDEs. The applied method gave
rapidly convergent successive approximations. As stated
before, the aim was to obtain analytical solutions for system
problems. Also, there was an attempt to confirm that the
Laplace Iteration Method was powerful, efficient and
promising in handling scientific and engineering problems. The
efficiency and accuracy of LIM was demonstrated through
several test examples. The LIM technique was completely
independent from any small parameters. Besides, it provided a
simple way to ensure the convergence of series solution so that
accurate enough approximations could be always obtained. The
LIM technique has been successfully applied to many
nonlinear problems in science and engineering, all of which
have verified the great potential and validity of the LIM
technique for strongly nonlinear problems in science and
engineering.

Il.  DESCRIPTION OF THE NEW METHOD

To illustrate the basic idea of the proposed method in [12,
14-16] for system of PDEs, the following non-homogeneous,
non-linear system of PDEs was considered:

Llul(xli""xn) + Nl(ull"'lum) = fl(xll""xn)i (1)
Lyuy (xq, -, Xp) + Np(ug, -+, U) = fo(xq, 0, %),

Lmum(xli ”"xn) + Nm(ul! “"um) = fm(xl' “'!xn)v

Where L; is a linear operator, N; a nonlinear operator and
fi(xq,++, x,) is an inhomogeneous item fori = 1,...,m . Eq.
(1) can be rewritten down as a correction function in the
following way:

Liui(xlﬂ Ty xn) = fi(xli T xn) - Ni(ul! Y um)
Ri(ug, -+ um)

i=1,..,m (2)
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Therefore:
Xp) = Ri(uy, -+, Up), i=1,..,m

The Laplace Iteration Method assumed a series solution
for u; given by an infinite sum of components:

Liwi (xq, -,

vxn) =
i=1,..,m 3)

Ui (g, X)) = Limy oo uf (g, -
llmp—mo Z] =0 l (xll l‘le)l

in which u?* indicates the n-th approximation of u;, where

vij is the j* component of the solution of u; and vlp is the
solution of L,u; =0 along with the following initial
conditions of the main problem:

vi (g, %) = @i (),
vik+1(x1' 'xn) = (Pi(Z;;o vi] (x1; !xn)) -
Z?:Ovii(xlﬁ"'!xn); k = 1

in which ¢;(v}) is obtained as follows:

Lip;(f, -+, v%) = Ry(uy, -+, Up,). 4

Using the homogenous initial condition, supposing that
L, = e ( )q , therefore, taking Laplace transform to both sides
of Eq. (4) in the usual way and using the homogenous initial
conditions, the result can be obtained as following:
Pi(s). ®f (x1,
mi (vik(xlf Yy

Where Lo, (v5, -, vk)| = ®¥, P,(s) is a polynomial with
the degree of the highest derivative in Eq. (5). (The same as the
highest order of the linear operator L; ). Thus,

» X1-1, S, X141, xn) =

Xi-1,S, xl+1ﬁxn))v (5)

twl=w, ¥ =55 L] =¥ (6)
In Equations  (4) and 5), the  function
R, (vik(xl,-~~,xl_1,s,xl+1,xn)) and R;(uy, -, Up) are

abbreviated as R; and R; respectively. Hence, Eqg. (5) is
rewritten as:

k _
D (g, Xym1, S, Xp1, X)) =

R; ((Vf " Urlfz)(xlr X -1 S X141 xn)) CPi(s). (7)

Now, by applying the inverse Laplace Transform to both
sides of Eq. (7) and using the convolution theorem, the
following relation can be presented:

Pi(vE, -, v) = ®)
f[]xl Ri ((v{(l °tty v‘rllcl)(xlﬂ Tty xl—ll T, xl+1; xn)) . lpi (xl - T)dT'
Therefore,

p+1 p+1_j

(xlv' 'rxn) =Z] o Vi _uo(xlr”'vxn) +

X,
fg 'R; (ulp(xl' X -1 T X1y xn)) i — 1)dr,

i=1,..,m. 9)

After identifying the initial approximation of u?, the
remaining approximations u} , p > 0 can be determined so
that each term can be determined by previous terms and the
approximation of iteration formula can be entirely evaluated.
Consequently, the exact solution may be obtained by:

X)) = limy o0 X2 v/,
i=1,..,m. (10)

In an algorithmic form, the new presented method can be
expressed and implemented the solutions as follows:

— 7 p
w; = limy e up (xq, -

Algorithm. Let p be the iteration index, set a suitable value for
the tolerance (Tol.)

Step 0: Choose a suitable u(x;,-,x,) S0 that

L (u?(xl,---,xn)) =0,fori=1,..,m

Step 1: Setp = 0.

Step 2: Use the calculated values of u? (xy, -,
uP ™ (xy, -+, x,) from Eq. (2-9).

X,) to compute

Step 3: Define uf(xy, -+, x,) = ul " (xp, -+, x,) for
i=1,..,m.

Step 4: If Max|ulp(x1, LX) —ub g, -,xn)| < Tol
stop, otherwise continue.

Step 5: Define ul™ (xy, -, x,) = ul (xxq, -+, %) for

i=1,..,m
Step 6: Set p = p + 1, and return to step 2.

I1l.  CAPABILITY OF THE METHOD IN SOLVING NON-LINEAR
SYSTEMS OF P.D.Es

In this section the capability of the LIM through study of
some well-known examples will be presented.

Example 1 : Considering the following system of P.D.E:

U +u + vw,_wyw), =0, (12)
Uy — U+ Wty wyu, = 0,

W =W + Uy Dy Uy, U = 0.

with the initial conditions:

u(x,0) = e*tv

v(x,0) = e*™

w(x,0) = e¥™*,

At first, by use of (11) and optimal selection auxiliary
linear operator the equation is represented as follows:
Liu(x,t) = ug + u = wyvy, — Wy,
Lyv(x, 1) = vy — UV = Wylly Wy Uy,
Lyw(x,t) = Wy — W = Uy Uy, Uy, Uy

Therefore, ¢, (vF¥) is defined as:
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01 (vl vk, v) = [ et (W), Wh), — W), h),)dT (12)

@2 (Vk, V5, v5) = [T et (), (v5),, + (vB), (), ),

@3 (VF, vk, vE) = [ et (W), (), + (W), (vE), )dr.

Then, using Eq. (11), the LIM method formulae in t-
direction for the calculation of the approximate solution of Eq.
(12) can be readily obtained as:

Upr (6, 8) = X vk (x, t) =

ug(x, t) + fo e’ t ((vp) (Wp) - (vp)x(wp)y) dr, (13)
Va1 (x,) = XE_ vk (x,t) =

vo(x, t) + fotet T ((up) (Wp) + (up)y(wp)x) dr

Wny1 (6, 1) = X v (x,t) =

wo(x, t) + fotet i ((up)x(vp)y + (up)y(vp)x) dr,

where the initial approximation must be satisfied by the
following equations:

Liu(x,t) =0, u(x,0)=e**,
L,v(x,t) =0, v(x,0)=e*7,
Lyw(x,t) =0, u(x,0)=e"%.

Therefore, based on inverse Laplace transformation of
auxiliary linear operators in t-direction, consequently, the
initial approximations can be indicated by:

up(x, t) = v = e**v-t,
vo(x,t) = vI = e* 7V,
wo(x, t) = v2 = eV ¥t

Accordingly, by Eq. (13), the higher order approximation
of the exact solution can be obtained as follows:

uy(x, ) = Yo vf (x, 1) = 0,
v (x,t) = X, v5(x,t) =0,
wy(x,t) = Yo vs(x, 1) = 0,

The remaining approximations u, = 0,v, =0,w, =0,
n > 1 can be completely determined such that each term will
be determined using the previous term; thus, the exact solution
is as follows:

(x’ t) — ex+y—t’
v(x, t) = limyo Z?:o vE(x,t) = eX Ve,

vE(x, t) = eV ¥,

u(x, t) = limy_, X5 vF

w(x, t) = lim, e Xt

Example 2: We consider the following system of P.D.E:
U —wu, +u=1, (14
we —uw, —w =1,

Subjected to the initial conditions,

u(x,0) = e”, w(x,0) =e™™".

Here, linear operator is selected as L,u(x,t) = u, and
Lyw(x,t) = w,. Therefore, ¢;(v}) is defined as:

) = f (Vg(lﬁ

0, (VF, V) = [J 0k (vE), + vE + Ddr.

Then, using Eqg. (14), the LIM method formulae in t-
direction for the calculation of the approximate solution of Eq.
(15) can be readily obtained as:

(1 (171 ) Uf + 1)dr, (15)

Ui (0,8) = Thoo vk (6, 0) = oG 0) + [ (wp (), — 1 +
1)dr, (16)
W1 (x, t) = Xio ovz K(x, 0) = wo(x, ) +f (up(Wp) +

wy, + 1) dr,
where the initial approximation must be satisfied by the
following equationS:
Liu(x,t) =0, u(x,0)=e%
L,w(x,t) =0, u(x,0)=e™".
Therefore, it can be started by:
ug(x,t) = v = e*,
wo(x,t) = v) = e™*.

Accordingly, by Eqg. (16), the higher order approximation
of the exact solution can be obtained in the following way:

uy(x, 1) = Xlovf (x, t) = (1 —t)e”,
wy(x, ) = Xl vE(x, 6) = (1 + t)e™,

u(x,t) = Y2 v (x, t) = (1—t+t—)e"

wo(x,t) = X vi(, ) = (1 4+t +4 )e‘x,
t?2 3
us(x,t) = lovl(xt)—(l—“f;—;)ex'
2 3
wz(x,t) = lovz(xt)—(1+t+%+%)e"‘

The remaining approximations u,,w,,n >3 can be
completely determined such that each term is determined by
the previous term; thus, the exact solution is given in the closed
form as:

u(x,t) = limp_,ooz vl(x t) = (1 _t+_|__+ ) X
w(x, t) = limy_ e Xt vE (x,0) = (1 +t +;+; + ~~)e‘",

which again converges to the closed-form solutions,

—x+t

u(x,t) = e*t w(x,t) =e

Example 3: Considering the following system of P.D.E:
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U +u, — 2w =0, (17)
wy +w, +2u =0,
With the initial conditions:
u(x,0) = sin(x),
w(x,0) = cos(x).

Here, auxiliary linear operator is selected as L, u(x, t) = u;
and Low(x,t) =w,.

Therefore, ¢;(vF) is defined as:

o, (vf, v5) = fot(—(v{‘)x + 2v8)dr, (18)
0, (W, V) = [, (W), — 2vF)dr.

Using Eq. (17), the LIM method formulae in t-direction for
the calculation of the approximate solution of Eg. (18) can be
readily obtained as:

Uny1(x,8) = Do v (x, t) = uo(x, t) +f ((up) +
pr) dr, (19)

W1 (6, 8) = Do v (x,t) = wo(x, t) +f ( (wp), =
2up) dr,

Where the initial approximation must be satisfied by the
following equations:

Liu(x,t) =0, u(x,0)=sin(x),

L,w(x,t) =0, u(x,0) = cos(x).
Therefore, we begin with:

ug(x,t) = v = sin(x),

wo(x,t) = v = cos(x).

Accordingly, by Eq. (19) the higher order approximation of
the exact solution can be obtained

as follows:

u (x,t) = Z}_O v (x,t) = sin(x) + tco s(x),

wi(x,t) = Tl v (x, t) = —tsin(x) + cos(x),
uy(x, t) = Y2 vi(x, t) = sin(x) + t cos(x) — —sm(x)
wy(x,t) = Y2, vE(x,t) = —tsin(x) + cos(x) — 7cos(x).

The remaining approximations u,,w,,n >3 can be
completely determined such that each term is determined by
the previous term; thus, the exact solution is given in the closed
form as:

- 01Jl(x t)—sm(x)(l——+ S+ th)+

up(x, t) = T
£2p+1
(2p+1)!)’

cos(x) (t - ; + et

b VR (x, t)—cos(x)(l——+ S+ th)_

2p+1 (Zp)!
t
(2p+1)!)’

which again converges to the closed-form solutions,

wy(x,t) =

sin(x) (t - ; + -+

u(x, t) = sin(x + t),
w(x, t) = cos(x + t).

Example 4: We consider the following non-linear coupled
Schrodinger-KdV equations [17]:

u — (vu+u,)=0, i?=-1, (20)
—([ulP)y=0 , #=-1,
Subjected to the initial conditions:

u(x, 0) = 6v2e**k2sech?(kx),

Uy + 6UVy + Uy

a+16k?

v(x,0) = —16k%*tanh?(kx),

where o and k are arbitrary constants.

In order to solve system (20) using LIM method, the
auxiliary linear operator is selected as L.u(x,t) = u, .Also Eq.
(20) in an operator form can be written as:

w1 (u,v)
Liu(x, t) = iuy = (vu + uyy) , (21)
wa (u,v)
Vrx + ([U])) -
Therefore, ¢, (v;), for k = 1,2 is defined as:

o@D = [y wie((upv)(x,D)dr k=12, (22)

Then by using the Eq. (20), the LIM method formulae in t-
direction for calculation of the analytical approximate solution
of equation (22), can be readily obtained as follows:

Lv(x, t) = v, = (—6uv, —

Uns1 (X, ) = T D = up(x, ) — Lf [6 u“(xy)
Un(x' V)un(x; ]/)] d)/ , (23)

mmmo=:ﬁ%—%mﬂ+m
(W) sxx + (lun(x, V)l )x]d%

In which the subscript n indicates the nt" approximation.
Considering the given initial values, we can select:

uo(x, t) = py = 6vV2e!**k?sech?(kx),

_6un (Un)x (x' V) -

a+16k?

vo(x,t) = qp = —16k*tanh?(kx).

By substituting this selection in (23) one obtain the
following successive approximations:
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1
u (x,y) = z P
i=

-1 .
= coshi ) (Zx/fel“"kz(—3cosh2 (kx)

— 3ia’®t cosh?(kx)
+ +12a t k sinh(kx) cosh(kx)
— 20i tk? cosh?(kx) + 30i t k?

+ it acosh?(kx) )),
(24)

1
v (x,y) = Z i
i=

-1 5
= 3cosh5(kx) ) (a cosh’ (kx)

— 32 k? cosh® (kx) + 48k? cosh®(kx)
+ 3456V/2e k5t sinh(kx)

+ 384t k° sinh(kx) cosh?(kx)

— 1152 t k° sinh(kx)

+ 432 i e? @ *q t cosh(kx)

— 864 e [5q t sinh(kx)).

And so on. In the same manner, the rest of components of
the iteration formula can be obtained. To verify numerically
whether the proposed LIM method leads to higher accuracy,
we can evaluate the numerical solutions by using its n™"
approximations. Also u, the n™® approximation is accurate for
quite low of n (n=3). The obtained numerical result is
summarized in Fig. 1 to Fig.13. From these results we can
conclude that the method, LIM for system of the nonlinear
Schrodinger equations, gives remarkable accuracy in
comparison with its exact solution. The behavior of the
solutions obtained by LIM is shown for a different values of
times in comparison with the exact solution, Fig. 1 to Fig. 13.

IV. EXPLANATION ON RESULTS OF NONLINEAR
SCHRODINGER EQUATIONS

Fig.1 and 3 are the exact solution for u(x, t) and Fig. 5 and
7 are the exact solution for v(x, t) with fixed values of o= 0.05
and k = 0.05 for different values of time. And also Fig.2 and 4
are the numerical results for u(x, t) and Fig. 6 and 8 are the
numerical results for v(x, t) which that have been obtained by
using the Laplace iteration method with a fixed values of
a = 0.05 and k = 0.05, for a different values of time. In Figs.
10 and 13 comparing of the exact solution for v(x, t) with a
fixed values of 0=0.05 and k =0.05, for 0 <t <10 and
—100 < x < 100 with the numerical results of LIM has been
placed. And also in Fig. 9 comparing the exact solution for
u(x,t) with the numerical results obtained by the Laplace
iteration method for fixed values of o = 0.05 and k = 0.05,
t=10 and —1000 < x < 1000 has been illustrated. Also in
Fig.11 comparison between the exact solution for u(x,t) and
the numerical results obtained by the Laplace iteration method
for fixed values of a=0.05 and k=0.05,t=10 and
—100 < x < 100 has been considered. And finally in Fig.12

comparison between the exact solution for u(x, t) with a fixed
values of o = 0.05 and k = 0.05, for 0 <t < 10 and —100 <
X <100 with the numerical results of LIM has been
considered.

Figure 1. Exact Solution of u(x,t)

407 100

Figure 2. Approximate Solution (LIM) of u(xt)
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0.0 100

Figure 6. Approximate Solution(LIM) of V(x,t)

-0
!

Figure 4. Approximate Solution(LIM) of u(xt) Figure 7. Exact Solution of V(x.t)

1 10.0 ~ 0.0
0
Figure 5. Exact Solution of V(x,t) -40 109
Figure 8. Approximate Solution(LIM) of V(x,t)
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— 1600 —5VDD o 5Dvl:| 1050
x
Figure 9. Comparing the exact solution (Red Line) for u(x, t) with the numerical results obtained by the Laplace iteration method (Black Point) for u(x,t) for
fixed values of « = 0.05and k = 0.05, ¢ =10 and —1000 < x < 1000 .

| — —1
-100 -50 0 50 100

Figure 10. Comparing the exact solution (Red Line) for v(x, t) with the numerical results obtained by the Laplace iteration method (Blue Point) for v(x, t) for
fixed values of @ = 0.05and k = 0.05,¢t =5 and —100 < x < 100.

0.005-]

s == - — e
100 50 (o] 50 100
*

Figure 11. Comparing the exact solution (Red Line) for u(x, t) with the numerical results obtained by the Laplace iteration method (Green Point) for u(x,t) for
fixed values of « = 0.05and k = 0.05,¢t =10 and —100 < x < 100.
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Figure 12. Comparing the exact solution for u(x, t) with a fixed values of «
=0.05and £ =0.05,for0 <t <10 and —100 < x < 100 with the
numerical results (LIM) for u(x, t)

0.03
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0.01

0.0

10

0 -50
X

-100

Figure 13. Comparing the exact solution for v(x, t) with a fixed values of «
=0.05and £ =0.05,for0 <t <10 and —100 < x < 100 with the
numerical results (LIM) for v(x,t).

V. DISCUSSION

In this letter, Laplace Iteration Method (LIM) was
successfully employed to obtain the approximate analytical and
exact solutions of systems of linear and nonlinear PDEs.
Comparisons with the exact solutions revealed that LIM was
very effective and convenient. The first main goal was to
employ the powerful LIM to investigate system of partial

differential equations and coupled Schrodinger-KdV equations
the second one was to show the power of this method and its
significant features by numerical results. The two goals were
achieved.

Evidently, the method presented rapidly convergent
successive approximations without any restrictive assumptions
or transformation which may change the physical behavior of
the problem. Laplace iteration method gave several successive
approximations through by using the LIM's iteration relation.
Moreover, the LIM reduced the size of calculations and also
the iteration was direct and straightforward. The LIM used the
initial values for selecting the 0™ approximation. Also,
boundary conditions, given for bounded domains, could be

used for the justification only.

(1]
[2
31
(4]
(5]
(6]
[71
(8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]

REFERENCES

X.Y. Wang, Phys. Lett. A 131 (4/5) (1988) 277.
A. Jeffrey, M.N.B. Mohamad, J. Wave Motion 14 (1991) 369.
M. Wadati, J. Phys. Soc. Jpn. 32 (1972) 1681.

L. Debnath, Nonlinear Partial Differential Equations for Scientists and
Engineers, Birkhauser, Boston, 1997.

J.D. Logan, An Introduction to Nonlinear Partial Differential Equations,
Wiley—Interscience, New York, 1994.

S. Vandewalle, R. Piessens, Appl. Numer. Math. 8 (1991) 149.
A.M. Wazwaz, Appl. Math. Comput. 110 (2000) 251.
H. Gu, Z. Li, Appl. Math. Comput. 187(2007)748-755.

H. Tari, D.D. Ganji, M. Rostamian, Int. J. Nonlinear Sci. Numer. Simul.
8 (2) (2007) 203.

A. Ghorbani, J. Saberi-Nadjafi, Int. J. Nonlinear Sci. Numer. Simul. 8
(2) (2007) 229.

D.D. Ganji, Houman B. Rokni, M.G. Sfahani, S.S. Ganji, Adv. in Eng.
Soft. , 41 (2010) 956-961

E.Hesameddini, H.Latifizadeh, Int. J. Nonlinear Sci. Numer. Simul. 10
(2009)1377-1382.

E. Hesameddini, H. Latifizadeh, Int. J. Nonlinear Sci. Numer. Simul. 10
(11-12) (2009) 1389-1398.

M. Doroodchi, H. Latifizadeh, E. Hesameddini, American Mathematical
Society, Joint Mathematics Meetings in New Orleans, 2011.

H. Latifizadeh, Y. Khan, E. Hesameddini, A. Rivaz, Journal of
Advanced Research in Differential Equations, 3 (2) (2011) 35-44.

H. B. Rokni, A.A. Imani, H. Latifizadeh, et al, Applied Mathematical
Modelling, 36 (4) (2012) 1550-1557.

D. Kaya, S.M. Elsayed, Phys. Lett. A. 313 (2003) 82.

International Journal of Science and Engineering Investigations, VVolume 2, Issue 18, July 2013 51

www.lJSEl.com

ISSN: 2251-8843

Paper ID: 21813-05


http://www.sciencedirect.com/science/journal/0307904X/36/4

