2\ International Journal of

‘) Science and Engineering Investigations

vol. 7, issue 74, March 2018

ISSN: 2251-8843

On Certain Subclass of Harmonic Univalent Functions

Thomas Rosy*, Vadivelan Urkalan?, S. Sunil Varma®
3Madras Christian College, Chennai — 600059

%\el Tech Rangarajan Dr. Sagunthala R&D Institute of Science and Technology, Chennai —

600062, Tamil Nadu, India

(*thomas.rosy@gmail.com, 2vadivelanu@gmail.com, sunu_79@yahoo.com)

Abstract - In this paper we investigate a class of harmonic
univalent functions obtaining its coefficient inequality, growth
and distortion theorems and convolution properties.
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. INTRODUCTION

A continuous complex valued function f =u+iv defined

in a simply connected domain D is said to be harmonic in D if
both u and v are real harmonic in D. the harmonic function has
a unique representation f =h+g, i.e. there exists analytic

functions H and G such that

H+H G-G (H+G) [H—GJ _
f = + = + =h+g
2 2 2 2
where h and g are analytic and co analytic part of f
respectively.The Jacobian of f=h+QJ is given by
J,@)9nh @) -l9'@z)} . The mapping z-—> f(z) is

orientation preserving and locally 1-1 in D if and only if
J; (2) >0in D (see Lewy [6] and Clunie and Shiel small [2] ).

Let h denote the family of normalized functions f =h+@
that are harmonic, orientation preserving and univalent in the
open unit disk A={z:| z |<1}see [3, 7] where

h@)=z+3az", g@)=3bz", Ibl<1 &
n=2 n=1

here

a io ' _i _i io
o @)= (@) =21 (re),
0<r<l deR.

Several researchers have defined and studied new
subclasses of harmonic univalent functions see [1, 4, 5, 8]. In
this paper we introduce a subclass of harmonic univalent
functions and obtain the coefficient inequality, growth
estimate, distortion theorem and convolution properties for the
functions in this class.

For 0<p <1,

harmonic
condition

R{a)(wj} 5 ?

we consider the subclass L, (S) of

univalent functions f =h+g satisfying the

f(z)
Further let L (/) denote the subclass of L,, (/) consisting
of functions f =h+ @ such that

hz)=z->|a|z", 9@)=>p,[z" (3)
n=2 n=1
Il.  MAINRESULTS

Theorem 1 Let f =h+@ be such that h and g are given by
(1), then f is harmonic univalent in Aand f el (B), if

2n“-1-p4 2n“+1+p
Zilﬂlllﬂlbl} (4)

Where a =1, 0< g <1

Proof f is locally univalent and orientation preserving inA , if

Ih'@Z)[ ~19'@)[>0
|h'(z)| = ‘ i nla,|z"* _1—in|an|r”’1>1— >'n a,
"= o =
>3, >Tnb,k Ao'@)
if f(z)#0, then we show that f(z)= f(z,) whenever

z, #1, .Since Ais simply connected and convex we have,
z(t)=(1-t)z,+tz,eA,if 0<t<lz,z, eAsothat z, # z,.

f@2)-f@2)=[ 1z, ~2)h' @) +(z, ~2,)9 @ O)et.

Dividing by z, —z, # 0, and taking real part
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Ref (Zz)_f (Z

Z,-1,
> j: Re[h'(z (t)) |9 (z (t))[Idt

which implies that

(z,-z,)
-z

2 1

= [RelN@ )+ g'@@)d  (5)

Reh'(z(t)) -|g'(z(t)| = Reh'(z) —i nlb, |
by (4)

- -1-
3

using this in (5) shows that f is univalentin A.

2’ +1+
——|b |=0
Z s P

IV

To show that f € L. (), we need to show that if (4) holds,
then

Re (1+e‘”)(22h”(z)—z29"(Z)+zh'(2)7—zg’(z))—ei“(h(2)+g(2)) :Remzﬂ
h@z)+9(2) B(z)
where z=re'’, 0<0<2¢4,0<r<1,0<8<1 and

AQ)=(+e")z*h"(z)-2°9"(2)+2h'(2)-29'(2))—e"“ (h(2) +9 2))
andB(z)=h(z)+g(@)

Letting w_B() , how it

()
[1-B+w|=[1+B-w], thatis

|A@)+@-P)B()|-|Az)-(1+p)B(z)|>0
Substituting A (z) and B (z) we obtain,

is enough to show that

=|are )@ @)~ 279" @) +2 (@) -2g @) e (h@) + 9 @) + G- A (@) + 9 @)
Jareye @) -2 @) +2h'@) 29 @) e (h@) + 9 @) - @+ AN (2) + 9 )|

>(2-P)z|- 3

> 2-p)| {1 = - 22"1”;% |}>0 by (4).

Theorem 2 Let f = h+g be such that h and g are given by
(3)- Then f e L (p) if and only if

=|2n*-1-p 2n*+1+ 8
Z{ la, |+ Ibnl}s
n=1 1_ﬁ 1_ﬂ

€)
where a, =1 and 0< g <1.

Proof The ‘if ‘part follows from Theorem 1, for the only if

Re{(“em)(zzf ”(i)(:)Zf '(z))_em}zﬂ

— Re @+e“)(2?h"(2) - 2°9"(2) + 2h'(2) — 20'(2)) €' (h(2) + 9 (2)) >
h(z)+g9(z2)

which implies

RN —n la 3 —n o R N —n
,ﬂ;zm\bn\z e (znzln(n—l)\bn\zz Py np, |z ‘+;2H\b"\z 1]

l:lﬁ'z:Q[n’ g+’ =Dlfa,[z" =D n(n-Dp [zz"* =D np, |7 }
>0

Re

© PR -
X el DX e

The above condition must hold for all values of z,
|z| =r <1.Choosing the value z on positive real axis, where

ia

—le'“| =-1, the inequality

reduces to

1-p-" [2n* = p-1fa[r"* =" [2n°+ g+1]b [r" o
1= Ja|r"+ " b, 1" N
If the condition in the equation (6) does not hold then the

numerator in (7) is negative for r sufficiently close to 1. This
contradicts the condition for f € L.(5)

™

Ill.  GROWTH AND DISTORTION THEOREMS

The growth and distortion bounds for the functions in this
class is discussed in the following theorems

Theorem 3 If f eL_(B),then

|f(z)|<(1+|b|)r+[ 7 3+'B|b|:|r Jel=r <1

=B 1-p ©)
and
ol a-bhr| 2222 |- <a ©
B T1-pB
Proof Let fel_ (f) , taking absolute value for f

[t @< @+lohr+3 [l [ +[o, 1"

s(1+|b1|)r+1_ﬂ[ LAVl P l}

-8 1-p
1-8 348

=1+|b,)r

aebpe | 2L o

and

part, we show that if f ¢ L_(/)and condition (6) does not If @)= @-lp,pr-2" [l |+, []r"

hold. The necessary and sufficient condition for f :h+§

given by (3) to be in L () is that
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g 3+ B
>@A-|b,pr———|1- b
> (b, r 7_ﬂ[1 lll}r

1-8 3+p
=(1-1lb,[)r - b
(@—p,pr [ . ﬂlq

Theorem 4 If f e L (B), then

=1-X,<1,andhence f eL_(p)

Conversely,

f el (B ,set X = [.(n=12.) and

=12.) then > (X +Y )<l by

n =

, [1- 1-8 3+p 1-p
If'@) < @+[o,))+ 725 70 p,l | r Theorem 2, 0< X, <1,(n=12..) and 0<Y, <1,(n=12..)
and consequently we have f(z)=>"" (X h, +Y,g,).
, [1-8 3+
it @)= a-pp)-| Z=E - ﬁ|| rlz|=r <1.
L7-p 7-8 IV. CONVOLUTION
Proof Let fel.;(p) , taking absolute value for f’ Definition For f(2) = Z_ijzanzn +Z::1bn7n and
F'@] < @rlop+ 2, [nfa,]+nlo, ]r F()=2-Y" Az +Y BZ" the modifid Hadamard
3+ - - . -
<(1+|b1|)+7 ﬂ{ 1_§|b1|}r product of two harmonic functions f and F is defined as
* — * 7 ® n © =n
el [ 'B_3+ﬂ|b1|}r, (f*F)=f(@)*F(@)=2z-)" aAz"+),  bBZ" (11
-p Theroem 6 For 0<y<p<1,let f el (y)andF el (f),
then f *F e L-(») c L (D).
|f'(z)|z(1—|bl|)—zn:2[n|an|+n|bn|]r”’l Proof Let f(z)=z-) " az"+y ~ b7"bein L, () and
> @-o)-1=2 1-8 3+,B|b1| F()=z-)  AZ"+>." BZ" be in L (B) , the
- 7 coefficients of f *F is given by
1- ﬂ 3+ﬂ 2 2
=(1-|b) - { |bl|} £ {Zn -1-8 2n’ +1+ B }
7- 7 a A+ b,B,
B 1-B 2| Ty Al b
Theorem 5 f e L (p) if and only if i[an _1_/3| I+ on? +1+ﬂ| q
< a
o0 n=: l_ "
fz)=>" (X,h,+Y g,) (10) ! P
where because f eL_(y) . Hence we havef *F eL_(f) .
h(2)=2,h (2)=2- zl—ﬂ 2" (n=2.3..) Theorem 7 The family L. () is closed under convex
2n"-1-p combination.
g.(2) = z+i7“ ,(n=12,3..) Proof Fori=12...1let f, e L;(B) where f is given by
" 2n° +1+
* (X, +Y,)=1X, >0 f@=2-3 la.lz"+> [b.[2"
zn:l( n + n) 1’ n and Yn 2o Zn72|a| | Zn71| I_
Proof for 0<t, <1,>" t =1, the convex combination of f, is
f (Z):Z:::l(xnhn +Yngn): z;llxnhn +z::lYngn Z| 1tlfl (Z)_Z _Zn Z(ZT)—Zt' in ) Zr\ 1(Z| =10 '“ )
. 1-p . 1-p Sy {z{zn ~1- ﬁl I 2n* +1+/3| l}}
=7 - —— X 7"+ T S — iz
2o n*-1-p5 " Z:”:12n2+1+ﬁ " 1=/ 1-B
then <2y "t =2
.| 2n’-1-8 1-8 .| 2n+1+p 1-8
ZZ[ 1-4 MZHZ—l—ﬁ}XﬁZ”:‘[ 1-8 }|:2n2+1+ﬂ
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