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Abstract-In this paper, a combined form of the Elzaki
transform method with the homotopy perturbation method is
proposed to solve Korteweg-DeVries (KDV) Equation. This
method is called Elzaki transform homotopy perturbation
method (ETHPM). The proposed method was derived by
combining Elzaki transform and homotopy perturbation
method. This method was found to be more efficient and easy
to solve linear and nonlinear differential equations.The
(ETHPM) finds the solution without any discretization or
restrictive assumptions and avoids the round-off errors. The
results reveal that the proposed method is very efficient, simple
and can be applied to other nonlinear problems.
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. INTRODUCTION

In the recent years, the idea of homotopy was coupled with
perturbation. The fundamental work was done by He In 1992,
He [5-18] developed the homotopy perturbation method
(HPM) by merging the standard homotopy and perturbation for
solving various physical problems .Many authors have applied
this method successfully to problems arising in mathematics
engineering. The KDV equation plays an important role in
diverse areas of engineering and scientific applications, and
therefore, enormous amount of research work has been
invested in the study of KDV equations [29-33]. ELzaki
transform is a useful technique for solving linear differential
equations but this transform is totally incapable of handling
nonlinear equations [3] because of the difficulties that are
caused by the nonlinear terms. This paper is using homotopy
perturbation method to decompose the nonlinear term, so that
the solution can be obtained by iteration procedure. This means
that we can use both ELzaki transform and homotopy
perturbation methods to solve many nonlinear problems. The
main aim of this paper is to consider the effectiveness of the
Elzaki transform homotopy perturbation method in solving
KDV Equations. In this paper we present some basic
definitions of Elzaki transform and homotopy perturbation,
also we present a reliable combination of homotopy
perturbation method and Elzaki transform to obtain the solution

of Korteweg-DeVries (KDV) Equation. The KDV equation can
be presented in the following form

Uy — 6Uly + Uyyy = 0
where u (x, t) is the displacement.

The purpose of this paper is to extend the(HPTM)for the
solution of Korteweg-DeVries (KDV) Equation. The method
has been successfully applied for obtaining exact solutions for
nonlinear equations.

Il.  BASIC IDEA

To illustrate the basic idea of this method, we consider a
general nonlinear non homogeneous partial differential
equation with initial conditions of the form

Du(x,t) + Ru(x,t) + Nu(x,t) = g(x,t) 1)
u(x,0) = h(x),u; (x,0) = f (x)

Where D is the second order linear differential
operatorD = 92/9t?, is the linear differential operator of less
order than D, N represents the general non-linear differential
operator and g(x, t) is the source term.

Taking Elzaki transform (denoted throughout this paper by
E) on both sides of Eg. (1), to get

E[Du(x,t)] + E[Ru(x,t)] + E [Nu(x,t)] = E [g(x,t)] (2)

Using the differentiation property of Elzaki transform and
above initial conditions, we have

Elu(x,t)] = v2E[g(x,t)] + v?h(x) + v3f(x) — v’E[Ru(x,t) +
Nu(x, t)] 3)

Operating with the Elzaki inverse on both sides of Eq.(3)
gives

uxt) = G(x,t) — E7* [v2 E[Ru(x,t) + Nu(x, t)]] 4

Where G (x, t) represents the term arising from the source
term and the prescribed initial condition.

Now, we apply the homotopy perturbation method
ulx,t) = Ynlop"un(x,t) (®)
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And the nonlinear term can be decomposed as
Nu(x,t) = X520 p"Ha(w) (6)
Where H,, (u) are He’s polynomial and given by

611.

1 o i
H,(ug,...,uy) = o opn [N (Zi:oplui)]pzo =

0,1,2,3... @
Substituting Egs. (6) and (5) in Eq. (4) we get

Y=o P up(x, 1) = G(x,t) —

p(E™* [v? E[R T30 p"un(x,©) + X3 p"Hy (W]]) 8)

Which is the coupling of the Elzaki transform and the
homotopy perturbation method using He’s polynomials.
Comparing the coefficient of like powers of p, the following
approximations are obtained

P’ up(xt) = G(xt),

p': uy(x,t) = —E7Y vE[Ru,(x, t) + Ho(w)]],
p? : uy(x,t) = —E7[ v2E[Ru, (x,t) + H; (W],
p®: us(x,t) = —E7[ v2E[Ru,(x,t) + Hy(w]],

Then the solution is

ux,t) = limpg up (6, 1) = ue(r, ) +uy 6, ) +up (e, t) + -+ (9)

I1l.  APPLICATIONS

In this section, the effectiveness and the usefulness of
homotopy perturbation transform method (HPTM) are
demonstrated by finding exact solutions of Korteweg-DeVries
(KDV) Equation.

Example 1.Consider the following homogeneous KDV
equation;

Uy — 6UUy + Uy = 0 (10)
With the initial condition;

u(x,0) = 6x (11)
Applying the Elzaki transform on both sides of Eq. (10)

Eluc] = E[6uuy — Uyyy] (12)

Using the differential property of Elzaki transform Eq. (12)
can be written as

SE[uCx, D] = vu(x, 0) = E[6uuy — Uy (13)
Using initial condition (11), Eq. (13) can be written as
E[u(x, )] = v2(6x) + v E[6uuy — Uyyy] (14)

The inverse Elzaki transform implies that:

u(x,t) = 6x — E71[v E[ugyy — 6uu]] (15)
Now, we apply the homotopy perturbation method, we get:

ZZJ:O pnun(x: t) = 6x — PE_l[V E((Z;o:o pnun(x: t))xxx -
Y=o P"Hp(w)]

Where H,(u) are He’s polynomials that represents the
nonlinear terms.

The first few components of He’s polynomials, are given
by;
Ho(w) = uouoy
Hy () = uouyy + ugUoy 17)
Hy (W) = uguay + UgUyy + UglUoy

Comparing the coefficient of like powers of p, the
following approximations are obtained:;

p? : up(x,t) = 6x

p:ou(x,t) = —E_l[V E[(uo)xxx — 6H0(u)]] = 63xt,

p* ¢ up(x,t) = —E7* [V E[(uy)yex — 6Hy (W]] = 6°xt?, (18)

p?: uz(x,t) = _E_l[V E[(uz)xxx — 6H2(u)]] = 6"xt?,
Proceeding in a similar manner, we have

p*: wy(x,t) = —E7*[v E[(U3) xxx — 6H3(W]] = 6°xt*,

Therefore the solution u(x, t) is given by:
u(x,t) = 6x(1 + (36t) + (36t)2 + (36t)3 + B6)* +---)  (19)

in series form, and,

6x
1-36t

in closed form.

u(x,t) =

,136t] < 1 (20)

Example 2.Consider the following homogeneous KDV
equation;

U; + 6uly + Uyyy = 0 (22)
With the initial condition;

u(x,0) =x (22)
Applying the Elzaki transform on both sides of Eq. (21)

Elu;] = —E[6uuy + Uyl (23)

Using the differential property of Elzaki transform Eq. (23)
can be written as

“E[u(x, ] = vu(x, 0) = —E[6utl, + Uy, ] (24)
Using initial condition (22), Eq. (24) can be written as

E[u(x, t)] = v3(x) — v E[6uuy + Uyyy] (25)
The inverse Elzaki transform implies that:

International Journal of Science and Engineering Investigations, Volume 8, Issue 94, November 2019 84

www.lJSEl.com

ISSN: 2251-8843

Paper ID: 89419-15



u(x,t) = x — E7[v E[uyyy + 6uu,]] (26)
Now, we apply the homotopy perturbation method, we get:

Z‘;.Lo=0 pnun (X, t) =X - PE_I[V E((Zﬁ:o pnun(x' t))xxx +
Y=o P"Hp(W)] (27

Comparing the coefficient of like powers of p, the
following approximations are obtained;

P’ up(x,t) =x

p'+ uy(x,t) = —E7*[V E[(Ug)xax — 6Ho(W]] = —x(61),
p?: up () = —E 7V E[(Un)aux — 6H, (W]] = x(6)%,  (28)
p*: us(, ) = —E71[VE[(Up) s — 6H, (W]] = —x(6t),
Proceeding in a similar manner, we have

p4 Pu(x,t) = _E_l[VE[(u3)xxx - 6H3(u)]] = x(6t)4»

Therefore the solution u(x, t) is given by:
ux,t) = x(1 — (6t) + (6t)% — (6t)3 + (6)* — (6t)5 +---) (29)
in series form, and,

X
1+6t

in closed form.

u(x,t) =

(30)

Example 3.Consider the following homogeneous KDV
equation;

Uy — 6UUy + Uy = 0 (31)
With the initial condition;
kzekx

u(x, 0) = —Zm

(32)

Applying the Elzaki transform on both sides of Eq. (31)
E[ut] = E[6uux - uxxx] (33)
Using the differential property of Elzaki transform Eq. (33)
can be written as
%E[u(x, t)] — vu(x, 0) = E[6uuy, — Uyyy] (34)

Using initial condition (32), Eq. (34) can be written as
K2ekx

(1+ekx)

Elu(x,t)] = v3(-2

2) +v E[6uux - uxxx] (35)

The inverse Elzaki transform implies that:

kzekx
(1+ekx)?

u(x, t) = =2 — E7v E[uyyy — 6uuy]] (36)

Now, we apply the homotopy perturbation method, we get:

Y=o [;“kun(x, t) =
:—:kx 2 PE_l[V E((Xr=0P™"un (%, ) xax —
2in=0 P"Hp(W)] (37)

Comparing the coefficient of like powers of p, the
following approximations are obtained;

Kk2ekx

(1+e""")2

p1 sug(x,t) = _E_l[VE[(uo)xxx - 6H0(u)]] =
_2 ksekx(ekx_l) " (38)
(1+ekx)®
p%: uy(x,t) = _E_l[V E[(u1)xx — 6H1(u)]] =
__ksekx(ezkx_4ekx+1)t2
(1+ekx)* ’

p: up(x,t) = -2

Therefore, the solution u(x, t) is given by:

Kk2ekx
u(x,t) = -2 (1+ekx)?
~ ksekx(ekxgl) B ksekx(eka—z}:kx"'l) t2 + .. (39)
(o) (rvek)

Using Taylor series, the closed form solution will be as
follows:

K2ek(x—K2t)

S
ux, 9 (1+ek(x—k2t))2

(40)

IV. CONCLUSIONS

In this paper, we have applied the homotopy perturbation
method and Elzaki transform to Korteweg-DeVries (KDV)
Equation. It can be concluded that the ETHPM is a very
powerful and efficient technique in finding exact and
approximate solutions for nonlinear problems.By using this
method we obtain a new efficient recurrent relation to solve
(KDV) Equation. In conclusion, ETHPM provide highly
accurate numerical solutions for nonlinear problems in
comparison with other method. The results show that the
ETHPM is a powerful mathematical tool for solving the KDV
having wide applications in engineering and applied
mathematics.
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