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Abstract-A simplified InAs/GaAs quantum dot superlattice 
model is presented.  Time independent Schrodinger equation 
and Bloch’s theorem were resolved using the Kronig Penney 
model to determine the band structures. We carried out the 
numerical simulation using the COMSOL Multiphysics 
software. From the obtained results we observed an existence 
of new electronic states (intermediate bands) in the band gap 
regime. The simulation results reveal that increasing the QD 
width increases the number of intermediate band IB but lowers 
its position whereas varying the barrier thickness towards 
higher values an increase in the IB width was recorded. The 
intermediate band in solar cell increases photon absorption 
bandwidth and extends spectral response in the near infra-red 
region. Thus energy photons less than the fundamental band 
gap energy can be used to promote electron using the IBs as a 
stepping stone to create additional optical transition pathways 
to conduction band. The energy losses due to missed 
absorption of sub band gap photons in the conventional device 
is significantly minimized and in principle this contributes to 
photo current without reducing the open circuit voltage. The 
extended spectral response to lower energies in InAs/GaAs 
superlattice indicates a potential route to high operational 
efficiency. 
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I. INTRODUCTION 

The unique nature of optical and electronic properties of 
semiconductor superlattice and their extended potential 
applications in Nano photonic devices covering a broad 
spectrum has attracted tremendous interest in the emerging 
field of nanotechnology from both experimental and theoretical 
viewpoints. Nanotechnology represents an important vehicle to 
drive the technology of efficient solar cells that will utilize all 
the wavelengths present in solar spectrum due to quantum 
effects that prevail at Nano scale regime. One major 
technology that offers this potential is based on intermediate-
band solar cell (IBSC) to increase the efficiency beyond the 
limit established by Schockley and Queisser through the 

absorption of sub-band gap photons that otherwise be 
transmitted in a conventional devices [1]. 

Solar cells are devices that provide direct conversion of 
solar energy into electrical energy through photovoltaic PV 
effect without polluting by-products. They are of great 
significant for harvesting, development and efficient usage of 
renewable (green) energy to mitigate the pollution that 
characterized the use of fossil fuel [2]. The semiconductors are 
usually the absorbing materials in solar cells. Thus, only 
photons with specific band gap characteristic of photo absorber 
can be utilized to promote electron to conduction band.  Solar 
cells of conventional material consist of a single junction 
semiconductor material [3]. When a photon with energy greater 
than the band gap of the material strikes the solar cell, it excites 
an electron with energy exactly equal to the material band gap 
while the excess energy is lost as heat via lattice vibration [4].  
Conversely, energy photons lower than the band gap are 
transmitted by the material and do not contribute to the photo 
generated current. If the band gap is lower, solar cell absorbs a 
larger fraction of the solar spectrum and hence produces a high 
current but the electrons have lower energy (lower voltage). 
Also, if the band gap is higher fewer incoming photons can be 
absorbed but the electrons have higher energy (higher voltage) 
[5].  

These result in a band gap-dependent voltage-current 
tradeoff. Hence, spectral losses are realized in the conventional 
solar cells because of the inherent mismatch between the 
incident solar spectrum and fundamental band gap energy of 
the absorber material, which places an upper limit on the 
maximum power conversion efficiency to 31% as calculated by 
Shockley and Queisser [6]. The solution is none but (a) 
increasing the photon absorption and (b) reducing the optical 
losses. These processes are more favorable in QDs due to their 
combined advantages of discrete electronic states and tunable 
band gap which confer on them impressive optical and electro-
optical behavior suitable for efficient solar cell applications [7]. 
Thus studies directed at the search for QD-based solar 
converting devices in which significant increases in solar 
absorption are observed by alleviating the energy loss effects 
are of importance [8].  

QD superlattice QDSL is an artificial crystal comprising 
multiple arrays of QDs aligned vertically and horizontally in all 
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the three spatial dimensions [9]. QDSL has attracted significant 
attention due to its modified density of state and optical 
selection rules with controllable electronic states [10]. The 
confined structure exploits the principle of quantum 
confinement to engineer carrier states which makes QDs 
excellent candidates for near infrared IR photo detectors [11]. 
QDSL technology is proposed as a near term proof of concept 
to realize an intermediate band solar cell [12]. The biggest 
advantage of QDs severing as intermediate bands is due to their 
tunable band gap. The emission and absorption spectrum 
(QDSL) of are largely determined by the dots width and band 
gap of the barrier layers. The intermediate band is formed by 
the array of QDs embedded in a higher band gap (host) 
material. The QD introduces the discrete electronic states 
which are theorized to form intermediate band similar to atoms 
in crystal. The intermediate band represents the energy levels 
situated within the band gap region of the host material 
specifically to extend the photon absorption to lower energies 
(IR) [13]. 

IBSC has multiple band gaps that cover the whole solar 
spectrum. In such full spectrum solar cells, the transmission 
loss is much less than that of a single junction cell [14]. IBSCs 
use the IB(s) as a stepping stone to promote electrons to CB. In 
the first step, an electron is launched from the valence band 
(VB) to the intermediate band (IB), while in the second step; 
another electron is pumped from the IB to the CB [15]. In this 
way photons with insufficient energy to promote electrons are 
absorbed using the ladder approach via transitions from the VB 
to IB and from IB to CB in addition to conventional valence to 
conduction bands transitions.  

In this paper InAs/GaAs QD superlattice model used in the 
studies of novel intermediate band solar cells and their 
performance improvement is formulated.  

  

II. INAS/GAAS QUANTUM DOT SUPERLATTICE MODEL 

The QDs superlattice is based on the resemblance between 
the QDs and atoms in which QDs play the role of atoms in a 
real crystal. We recall that a crystalline solid has a regular 
structure, comprising of periodic array of atoms known as 
lattice in which the discrete energy levels associated with 
individual atoms broaden into bands of allowed and forbidden 
regions. In the same way, if a single QD is an artificial atom 
then multiple periodic arrays of QDs can be considered an 
artificial crystal called superlattice with a periodic potential 
formed by QDs as oppose to atoms in a crystalline material.   

The QD superlattice model comprised alternating 
semiconductors with different band gaps such that smaller band 
gap semiconductor is sandwiched between two layers of higher 
band gap materials. The smaller band gap material becomes a 
potential well while larger band gap materials form potential 
barriers. Thus two potentials are formed; the well (QDs layer) 
depth for electrons called conduction band offset due to the 
difference between the conduction band edges of the well and 
barrier materials. Similarly the potential depth for holes called 
valence band offset is formed.  In this work, the small band gap 
semiconductor material considered in the SL is InAs QDs and 

the larger band gap (barrier) material used is GaAs 
semiconductor as shown in the Figure 1 below. 

 

 

Figure 1.  The InAs/GaAs Superlattice Structure 

 

The superlattice assumed in this model is a 3D arrays of 
cubic InAs QDs embedded in a matrix of GaAs semiconductor 
to form series of minibands and minigaps along growth 
direction. The minibands represent energy levels through 
which electrons can travel thereby extending spectral response 
beyond the band gap of GaAs in the near infra-red region. The 
QDs and barrier materials are periodically repeated in space to 
form a kind of periodic lattice shown in the Figure 2 below.  

However we have made the following assumptions: 

(i) The confining potential is only conduction band offset 
and thus the top of the valence band is same both in 
the barrier and the well material 

(ii) The total pumping of electrons from valence band to 
intermediate band must equate the pumping of 
electrons from the intermediate band to the 
conduction band. 

(iii) No charge carriers are extracted from the IB, in 
principle photo generated current can be significantly 
enhanced without reducing the voltage. 

(iv) The IB should be partially filled in order to provide an 
empty states to receive electron from VB to IB  and 
electron filled state to supply electron from IB to CB 

(v) The QD geometry is cubic and arranged in a periodic 
lattice to establish a well-placed IB boundaries 

 

 

Figure 2.  Quantum Dot SupperLattice Diagram 
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The QDSL structure forms an artificial one-dimensional 
periodic crystal of finite height with period given as: 

                        (1) 

where LQ   and  LB represent  QD width and barrier thickness 
respectively. Thus mathematical description and analytical 
derivation of the energy states of SL is similar to that of 1D 
crystal lattice which allows us to apply Kronig-Penney model 
to formulate the dispersion equation which provides the 
condition for electronic band structures.  

The mathematical representation of periodic potential is 
given as; 

 ( )     for quantum dot region and   ( )      for barrier 

region where V0 is the conduction band offset. 

The energies of electrons can be found by solving 
Schrodinger equations in the two regions. The time 
independent Schrodinger equations for the motion of electrons 
along x-direction in both regions are: 

   ( )
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for the quantum dot region and 
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for the barrier region 

The Equation 2 and 3 can be expressed respectively as: 
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where   
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We suppose the general solution to the equations 4 and 5 
above are respectively 

  ( )     
                          (8) 

  ( )     
                        (9) 

where A, B and C, D are the constants in the dot and barrier 
region respectively and can be obtained by applying the 
continuous and periodic boundary conditions. If   ( ) denotes 

wave function for quantum dot and    ( )  denotes wave 

function for barrier, these two boundary conditions become: 
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For a periodic potential lattice with  (   )   ( ), its 
wave-function satisfies Bloch’s theorem of the form: 

 ( )   ( )                                          (14) 

where  (   )   ( )            (15) 

 (   )   (   )   (   )           (16) 

thus  (   )   ( )               (17) 

where “  ” is the period (       ) of the superlattice 

potential,. Using this, equations 12 and 13 become respectively 
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              (18) 

and 
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Now applying the boundary conditions in 10, 11, 18 and 
19, we obtain the following Equations 

A + B = C + D             (20) 

  (   )     (   )                          (21) 

                  (                )             (22) 

     
            

       

 (    
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We now have four homogeneous equations with four 
unknowns (A, B, C and D). In order to have a non-trivial 
solution (A = B = C = D = 0) to the above four equations, the 
determinant of their coefficient must be zero: 
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            (24) 

By solving and simplifying the 4 x 4 determinant, we 
obtained:  

(
 
 
 
   

 
 

     
)      (    )   (    )   

     (    )   (    )                   (25) 

In term of energy E, we transform Equ. 25 into 

       

 √ (     )
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]    [
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]                 (26) 

The equation 26 is a simple model of dispersion relation for 
electrons in the QDSL. This is a dispersion relation providing a 
relationship between the wave number k on the RHS and the 
energy E on the LHS. In order to produce the solution to the 
dispersion equation above, we considered first the limiting 
solution and then general solution as follows. 

i. Limiting case in which V0 = 0. We obtained: 

   
    

  
             (27) 
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This gives the energies of free electrons in the QD – SL in 
which there is no limit in the allowed particle energy. 

ii. Limiting case in which V0 = ∞ 

We obtained:  

   
    

     
             (28) 

This gives an expression for the energies of particles in a 
box and thus the region where no electron is allowed. 

iii. General  case 

We made further simplification and assumed that the 
product of height and width of the potential barrier      be 
finite and then introduced a dimensionless parameter known as 
scattering power P, which is defined as; 

   
       

  
 
 
 
 
    

 
            (29) 

We obtained 

 

    
                                 (30) 

Equation 30 is a simplified model for the dispersion 
relation for electron in the QDSL. 

 

III. RESULTS AND DISCUSSION 

We present the analytical and simulation results of the 
theoretical studies based on the models derived in the 
preceding section. We have solve time independent 
Schrodinger equation using Kronig- Penney model and applied 
necessary boundary conditions to calculate the band structures 
and used COSMOL Multiphysics for numerical simulation. 
The result obtained considering the first extreme case in which 
the potential is zero (i.e.,    = o) reveals that electron energy 

   
    

  
   Here the electrons are free and E represents the 

kinetic energy only and we have free particle dispersion 
relation in which there is no limit (gap) on the allowed particle 
energy as shown in the energy continuum of Fig. 3. In this limit 
all electrons are free to move without restrictions. The 
dispersion relation here is parabolic and thus supports classical 
free electron theory. 

 

 

Figure 3.  Dispersion Relation and Energy Continuum for Free Electron 

In the other extreme in which potential tends to infinity 

(i.e.,    = ∞) we obtained the energy    
    

     
, here electrons 

are constrained and we have the expression for energy levels in 
an infinite potential well. Hence there will be discontinuity 
(gap) in the free particle dispersion relation at the boundaries 

    
  

  
  and this manner we get series of discontinuities in 

the dispersion relation for all other k values as shown in the 
Figure 4. 

 

 

Figure 4.  Dispersion Relation of Confined Electron and Free Electrons 

 
The black dots represent the energy of particle in a box and 

the red line the free particle energy. However, both depend 
upon wave vector in similar manner but the particle in a box 
assumes discrete energy levels. 

In the general case the simplified model obtained is 
 

    
                      . This model describes the 

motion of electron with periodic motion and provides a definite 
relationship between the energy E through kQ on the LHS and 
the wave vector k on the RHS. This is therefore a dispersion 
relation for electrons in the QDSL which provides condition on 
the allowed energies of the electrons in the periodic structure. 
If the LHS of the Equation is expressed as  ( ) , we have  
 ( ) =       . It is clear trigonometrically that for a solution 

to exist,        can only take values between -1 and 1 and the 

values of kLQ on these limits are respectively 0 and 
 

 
 . 

    It follows that the function on the LHS is bounded in the 
region [-1, 1] since it is equal to       . This imposes limit on 

the amount of k. This in turn means there are values of  kQ for 
which valid k values occur (solution exists) and energies 
corresponding to this kQ values are allowed. Also, there will be 
some values of kQ which there are no real values of k and 
hence no proper solution exists, in which case there will be 
forbidden gap in the spectrum of energies.  That is, if energy E 
is in the allowed energy region the Schrodinger equation for 
the SL has a solution and if E is not in an allowed energy band 
there is no solution. A plot of  ( )  as a function of energy is 
shown in the Figure 5. 
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Figure 5.  F(E) versus E 

 

The dispersion curve is thus characterized by the bands of 
allowed energy separated by the disallowed energy bands 
(forbidden region) similar to that of conventional band 
structure. The difference between the proposed models to that 
of the conventional case is that our model is artificial material 
and the energy band can be controlled by varying the width of 
different layers. In other words for real value of k the 
magnitude of        should be less than 1 which corresponds 

to the allowed energy band, also the value of energy for which 
       is greater 1, only the imaginary values of k are 

possible which correspond to the forbidden regions as shown in 
the Figure 6 blow: 

 

 

Figure 6.  F(E) versus E 

 

The appearance of energy bands spectrum separated by 
forbidden regions (gaps) is the hallmark of periodic potential. 
This was as a result of the additional periodic potential 
provided by the conduction band offset which causes the 
continuous energy band of the conduction band to be splited 

into allowed and forbidden regions. This new set of the 
allowed region are called mini bands as their width are much 
smaller than that of original conduction band. The reason for 
this is attributed to the fact that the superimposed potential has 
much larger period than the period of the host crystalline and 
thus gives rise to smaller brilliant zones. These mini bands 
constitute energy levels where electrons can easily travel 
through the crystal. The collection of this electron bands within 
the semiconductor band gap leads to the effective intermediate 
band IB  

The following facts are ascertained from the dispersion 
result: 

 The energy spectrum of electrons in the superlattice 
consists of an infinite number of allowed energy bands 
separated by intervals in which there are no allowed 
energy levels otherwise known as band gaps. 

 As energy E increases the allowed energy bands increase 
in width and so the width of forbidden energy region 
becomes narrower. 

 The width of the allowed energy states for electrons 
decreases with increasing value of P while the forbidden 
energy gap moves to higher energies. 

Following the fundamental relation  ( )  =         , we 

generated a vital figure known as dispersion diagram showing 
the energy versus wave number (E vs k). To generate the 
dispersion diagram we started at E = 0 and computed  ( ), if  
 ( ) = |        | > 1 we are in a band gap (forbidden energy 

band) and if we increase the energy a bit such that | ( )|    
we are at allowed energy band and this corresponds to   

 
 

  
      ( ), since cosine is an even function it implies –k 

will also be a solution. By increasing E continuously by small 
values we have series of allowed and forbidden energy bands 
as illustrated in the E (k) curve shown in the Figure 7 in the 
extended zone scheme. 

 

 

Figure 7.  Energy Verses Wave Vector Showing the Gaps that appear when 

ka = n  
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The broken lines represent the points      
  

 
  where the 

curve is discontinuous and marks the forbidden region. The 

curve indicates that the group velocity (slope)     
  

  
 will 

varnish at the boundaries which shows that there is no 
propagation and the electron momentum is confined within the 

allowable k. The allowed region or zone ranging from 
  

 
 to 

 

 
 

is the first Brillouin zone. Following the discontinuity another 

allowed region extended to 
   

 
 to 

 

 
 and  

  

 
 to 

 

 
. This is the 

second Brillouin zone. In the same manner subsequent 
Brillouin zones continue  in consistence with Bragg’s condition 

that band gap occurs whenever      
  

 
  for any non-zero 

integer n, of an electron moving along one dimensional crystal 
of period a. 

 

IV. INTERMEDIATE BAND SOLAR CELLS IBSCS 

IBSCs are novel concept in solar cell technology in which 
sub band gap energy photons can promote electron to 
conduction band using intermediate band IB as ladder. The 
IBSCs are specifically designed to tackle the problem of 
transmission losses associated with photon energies below the 
material band gap via extension of the spectral response to near 
infra-red (lower energies) region. The absorption of low energy 
photons that are usually lost in the conventional cells provides 
increased photo current while the higher band gap material 
maintains higher voltage. Thus the output power which the 
product of photo current and open circuit voltage will be 
substantially improved. 

 

V. ONE INTERMEDIATE BAND SOLAR CELL 

This is a solar cell that uses one intermediate band IB in 
between the band gap region of semiconductor to produce 3 
bands semiconductor structure. By  careful observations we 
have ascertained in this work that if there are n intermediates 
bands the total upward energy transitions T in the IBSC is 
calculated using the permutation relation T =    

  where n is 
total number of IB(s) and N  the sum of valence band, 
conduction band and intermediate band(s). Thus for one 
intermediate band the total upward energy transition is 
calculated as: 

T = 
  

(   ) 
   

It means for one IB there will be three optical upward 
energy transitions which are transitions from VB to IB, from 
IB to CB and the conventional VB to CB.  In this way the solar 
photons with low energy to pump electrons from the valence to 
the conduction band can use this intermediate band concept as 
a stepping stone (ladder approach) to optically generate 
electron hole pair. Thus by absorption of photon in this device 
three optical absorption and transitions are possible. The three 
absorption processes are denoted by α1, α2   and α3 respectively 
as shown in the Figure 8b. The fundamental relationship 
between the absorption coefficients corresponding to different 
energies is as shown in the Figure 8a. 

 

Figure 8.  Intermediate band formed by QDSL and the Three Absorption 
Processes 

 

The first sub band gap photons with energy,   
    which usually transmitted in the conventional device are 
absorbed through transition from valence band to intermediate 
band (which has an empty state to receive this electron), and 
the second low energy photons       are also absorbed 
through transition from intermediate band (which also has 
filled state to supply electron) to conduction band and the third 
conventional solar photons       which is a usual direct 
transition from valence band to conduction band shown in the 
Figure 9. 

 

 

Figure 9.  One Intermediate Band Solar Cell Mechanism with the possible 

Electronic Transitions 

 

VI. TWO INTERMEDIATE BANDS SOLAR CELLS 

These are solar cells characterized by the existence of a two 
IBs located in the forbidden region of semiconductor. In this 
way 4-band semiconductor structure is formed and the total 
number of upward energy transitions in this device based on 
the above model is calculated as: 

T = 
  

(   ) 
    

This means that in an IBSC made up of two IBs there are 
six upward energy transitions which are E1: transition from VB 
to IB1, E2: transition from IB1 to IB2, E3: transition from IB2 
to CB, E4: transition from IB1 to CB and the conventional VB 
to CB (bandgap) transition which also implies six optical 
absorption possibilities as shown in the Figure 10. It follows 
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that increase in the number of IBs increases the absorption 
possibilities which in turn provides significant increase in the 
conversion efficiencies through increase in the photo generated 
current. 

 

 

Figure 10.  Two Intermediate Band Solar Cell Mechanism with the possible 

Electronic Transitions 

 

Intermediate band solar cell has shown great potential to 
enhance light absorption in a single junction cells. The photo 
generated current will be greater than the current that would be 
ordinarily generated by conventional cell without an 
intermediate band. In this way the efficiency is increased 
beyond the so called upper limit. 

                                

VII. CONCLUSION  

A theoretical study on the influence of intermediate 
electronic bands (IBs) on the performance of the solar cell is 
theoretically presented. We have carried out the numerical 
simulation using the COMSOL Multiphysics software. From 
the obtained results we observed the existence of mini bands 
and mini gaps in the band gap regime of host material. The 
mini bands constitute IB(s) where electrons can easily travel 
through the crystal. It is found that the position of IBs can be 
controlled by varying the QDs width and whereas, width of IB 
can be controlled by varying the barrier thickness. The 
intermediate band produces an extended spectral response to 
lower energies. Thus current loss due to missed absorption of 
low band gap photons in the conventional device is minimized 
which dramatically increase the amount of  photo generated 
current without sacrificing the open circuit voltage. 
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